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Abstract
The motion of classical spinning test particles in
the equatorial plane of a Kerr black hole is consid-
ered for the case where the particle spin is perpen-
dicular to the equatorial plane. We review some
results of our recent research of the innermost sta-
ble circular orbits (ISCO) [1] and present some new
calculations. The ISCO radius, total angular mo-
mentum, energy, and orbital angular frequency are
considered. We calculate the ISCO parameters nu-
merically for different values of the Kerr parameter
a and investigate their dependence on both black
hole and test particle spins. Then we describe in
details how to calculate analytically small-spin cor-
rections to the ISCO parameters for an arbitrary
values of a. The cases of Schwarzschild, slowly ro-
tating Kerr and extreme Kerr black hole are con-
sidered. The use of the orbital angular momentum
is discussed. We also consider the ISCO binding
energy. It is shown that the efficiency of accretion
onto an extreme Kerr black hole can be larger than
the maximum known efficiency (42 %) if the test
body has a spin.
1 Introduction
1.1 Innermost stable circular orbits
in General Relativity
Let us consider a classical test non-spinning parti-
cle moving at stable circular orbit around a central
massive body. In Newtonian theory, this orbit can
have arbitrary radius. This follows from the fact
that the effective potential of particle always has
minimum, for any value of particle angular momen-
tum, and if angular momentum tends to zero the
radius of stable circular orbit goes to zero too [2],
see Fig. 1. All circular orbits are stable till zero ra-
dius, and in Newtonian theory there is no minimum
radius of stable circular orbit [3].
In General Relativity (GR) the situation is dif-
ferent. The effective potential has a more com-
plicated form, depending on the particle angular
momentum, see Fig. 2 for the potential in the
Schwarzschild metric. For large values of the an-
gular momentum the effective potential has two
extrema: maximum which corresponds to unsta-
ble circular orbit, and minimum which corresponds
to stable circular orbit. With decreasing of angu-
lar momentum, radii of unstable and stable circular
orbits become closer to each other. When angular
momentum reach a boundary value, two extrema of
effective potential merge into one inflection point.
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Figure 1: Newtonian effective potential U =
−M/r + L2/2r2 for a test particle moving in the
gravitational field of a central body with mass M ,
for different values of L (L is the angular momen-
tum per unit mass, G = 1). Solid circles show po-
sitions of minima corresponding to stable circular
orbits.
This point corresponds to minimal possible radius
of stable circular orbit. Such orbit is called the
innermost stable circular orbit (ISCO). Further de-
creasing of angular momentum leads to potential
without extrema. For these values of angular mo-
mentum neither type of finite motion is possible.
Radius and other values of the ISCO parameters
(total angular momentum, energy, orbital angular
frequency) are different in different metrics. For
the Schwarzschild background the radius of ISCO
equals to 6M1 , it was found by Kaplan [3], see also
[4]. In the Kerr space-time circular motion is pos-
sible only in the equatorial plane of BH and the ra-
dius of ISCO depends on the direction of motion of
the particle in comparison with the direction of BH
rotation, whether they co-rotate or counter-rotate.
Co-rotation and counter-rotation cases correspond
to parallel and antiparallel orientation of vectors
of the orbital angular momentum of the particle
and the BH angular momentum. In a case of or-
bital co-rotation the ISCO radius becomes smaller
than 6M , in case of counter-rotation – bigger, see
Fig. 3. For the case of the extreme Kerr back-
1In this paper we use the system of units where G =
c = 1, the Schwarzschild radius RS = 2M , and other physi-
cal quantities which will be introduced further have the fol-
lowing dimensionalities: [L] = [M ], [J ] = [M ], [E] = 1,
[a] = [M ], [s] = [M ].
ISCO
Figure 2: Effective potential (per unit particle rest
mass) for motion in Schwarzschild metric USchw =√(
1− 2Mr
) (
1 + L
2
r2
)
for different values of L (L is
the angular momentum per unit particle rest mass,
G = 1). Maxima of potential are shown by circles,
and minima are shown by solid circles.
ground the difference between these two variants is
quite considerable: we have 9M for the antiparallel
and M for the parallel orientation. The param-
eters of ISCO in the Kerr space-time for a non-
spinning particle were obtained in works of Ruffini
& Wheeler [5] and Bardeen, Press & Teukolsky [6].
This problem is described at length, for example,
in the textbook by Hobson et al. [7].
1.2 Spinning particles in General
Relativity
In GR a rotation of the central gravitating body
influences a motion of the particle orbiting it. Due
to this reason the orbits of test particles in Kerr
metric differ from orbits in Schwarzschild metric.
When, in turn, a test particle has spin as well, it
will also influence the particle’s orbit. In particular,
the motion of a spinning particle will differ from the
non-spinning one even in the Schwarzschild back-
ground.
The problem of the motion of a classical spin-
ning test body in GR was considered in papers of
Mathisson [8], Papapetrou [9] and Dixon [10–12],
using different techniques. The equations of motion
of a spinning test particle in a given gravitational
field were derived in different forms; they are now
referred to as Mathisson-Papapetrou-Dixon equa-
tions. From these equations it follows that the mo-
2
Figure 3: Innermost stable circular orbits in
Schwarzschild and Kerr metric. In Kerr metric ra-
dius of ISCO depends on direction of orbital motion
of test particle.
tion of the centre of mass and the particle rotation
are connected to each other, and when the particle
has spin the orbits will differ from geodesics of a
spinless massive particle.
1.3 The ISCO of spinning particles
Influence of a spin on the orbits in the
Schwarzschild metric was investigated in the pa-
per of Corinaldesi and Papapetrou [13], and in the
paper of Micoulaut [14]. A motion of a spinning
test particle in Kerr metric was considered by Ras-
band [15] and Tod, de Felice & Calvani [16], in
particular ISCO radius was calculated numerically,
see also papers of Abramowicz & Calvani [17] and
Calvani [18]. Subsequently the number of works on
this subject were published [19–42].
The detailed derivation of the equations of mo-
tion of spinning particle in Kerr space-time is pre-
sented in the work of Saijo et al. [22]. Method of
calculation of ISCO parameters of spinning particle
moving in Kerr metric is presented in details [37].
Linear corrections in spin for the ISCO parame-
ters in Schwarzschild metric have been found by
Favata [37].
In paper of Jefremov, Tsupko & Bisnovatyi-
Kogan [1] we have analytically obtained the small
spin corrections for the ISCO parameters for the
Kerr metric at arbitrary value of Kerr parameter
a. The cases of Schwarzschild, slowly rotating and
extreme Kerr black hole were considered in details.
For a slowly rotating black hole the ISCO parame-
ters are obtained up to quadratic in a and particle’s
spin s terms. For the extreme a = M and almost
extreme a = (1−δ)M Kerr BH we succeeded to find
the exact analytical solution for the ISCO param-
eters for arbitrary spin, with only restrictions con-
nected with applicability of Mathisson-Papapetrou-
Dixon equations. It has been shown that the limit-
ing values of ISCO radius and frequency for a =M
do not depend on the particle’s spin while values of
energy and total angular momentum do depend on
it.
In this work we review some results of our recent
research of innermost stable circular orbits (ISCO)
[1] and present some new calculations. ISCO ra-
dius, total angular momentum, energy, orbital an-
gular frequency are considered. We calculate the
ISCO parameters numerically for different values
of Kerr parameter a and investigate their depen-
dence on both black hole and test particle spins.
Then we describe in details how to calculate ana-
lytically small-spin corrections to ISCO parameters
for arbitrary values of a, presenting our formulae in
different forms.
2 The motion of a spinning
test body in the equatorial
plane of a Kerr black hole
In the present treatment of the problem of spin-
ning body motion in GR we use the so-called ”pole-
dipole” approximation [9], in the frame of which the
motion is described by the Mathisson-Papapetrou-
Dixon (MPD) equations [8–12,22]:
Dpµ
Dτ
= −1
2
Rµνρσv
νSρσ,
DSµν
Dτ
= pµvν − pνvµ.
(1)
Here D/Dτ is a covariant derivative along the par-
ticle trajectory, τ is an affine parameter of the or-
bit [22], Rµνρσ is the Riemannian tensor, p
µ and
vµ are 4-momentum and 4-velocity of a test body,
Sρσ is its spin-tensor. The equations were derived
under the assumption that characteristic radius of
the spinning particle is much smaller than the cur-
vature scale of a background spacetime [22] (see
also [15], [24]) and the mass of a spinning body is
much less than that of BH.
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It is known, however, that these equations are
incomplete, because they do not define which point
on the test body is used for spin and trajectory
measurements. Therefore we need some extra con-
dition (‘spin supplementary condition’) to do that
and to close the system of equations [13]. We use
the condition of Tulczyjew [43] given by
pµS
µν = 0. (2)
The system of equations (1) with (2) in a general
space-time admits two conserved quantities: parti-
cle’s mass m2 = −pµpµ and the magnitude of its
specific spin s2 = SµνSµν/(2m
2), see [22].
We will consider the motion of a spinning particle
in the equatorial plane of Kerr metric (θ = pi/2),
which is given in Boyer-Lindquist coordinates by
[4, 7]
ds2 = −
(
1− 2Mr
Σ
)
dt2−
− 4Mar sin
2 θ
Σ
dt dϕ+
Σ
∆
dr2 +Σ dθ2+
+
(
r2 + a2 +
2Mra2 sin2 θ
Σ
)
sin2 θ dϕ2,
(3)
where a is the specific angular momentum of a black
hole, Σ ≡ r2+a2 cos2 θ, ∆ ≡ r2−2Mr+a2. In this
case there are two additional conserved quantities:
total energy of the particle and the projection of its
total angular momentum onto z-axis.
In case of the motion of a spinning particle in the
equatorial plane, the angular momentum of a spin-
ning particle is always perpendicular to the equa-
torial plane [22]. Therefore we can describe the
test particle spin by only one constant s which is
the specific spin angular momentum of the particle.
Value |s| indicates the magnitude of the spin and s
itself is its projection on the z-axis. It is more ob-
vious to think of the spin in terms of the particle’s
spin angular momentum S1 = smzˆ which is paral-
lel to the BH spin angular momentum S2 = aM zˆ,
when s > 0, and antiparallel, when s < 0. Here zˆ
is a unit vector in the direction of the z-axis and m
is a mass of the particle [22], [37].
Saijo et al [22] have derived the equations of mo-
tion of a spinning test particle for the equatorial
plane of Kerr BH. The equations of motion for the
variables r, t, ϕ in this case have the form [22]
(ΣsΛsr˙)
2 = Rs,
ΣsΛst˙ = a
(
1 +
3Ms2
rΣs
)
[J − (a+ s)E] +
+
r2 + a2
∆
Ps,
ΣsΛsϕ˙ =
(
1 +
3Ms2
rΣs
)
[J − (a+ s)E] + a
∆
Ps.
(4)
where
Σs = r
2
(
1− Ms
2
r3
)
,
Λs = 1− 3Ms
2r[−(a+ s)E + J ]2
Σ3s
,
Rs = P
2
s −∆
{
Σ2s
r2
+ [−(a+ s)E + J ]2
}
,
Ps =
[
r2 + a2 +
as(r +M)
r
]
E −
(
a+
Ms
r
)
J.
(5)
Here x˙ ≡ dx/dτ and the affine parameter τ is nor-
malised as pνvν = −m [22]; E is the conserved en-
ergy per unit particle rest mass, and J = Jz is the
conserved total angular momentum per unit par-
ticle rest mass which is collinear to the spin of a
BH.
We can write the equation for radial motion in
the form [37], [15]
(ΣsΛsr˙)
2 = αsE
2 − 2βsE + γs, (6)
where
αs =
[
r2 + a2 +
as(r +M)
r
]2
−∆(a+ s)2,
βs =
[(
a+
Ms
r
)(
r2 + a2 +
as(r +M)
r
)
−
−∆(a+ s)] J,
γs =
(
a+
Ms
r
)2
J2 −∆
[
r2
(
1− Ms
2
r3
)2
+ J2
]
.
(7)
We can consider the whole right-hand side of (6)
as an effective potential. For the matter of conve-
nience, let us further divide it by r4 and define the
4
effective potential as
Vs(r; J,E) =
1
r4
(αsE
2 − 2βsE + γs). (8)
3 Numerical calculation of
ISCO parameters
The equations which define circular orbits are given
by a system


Vs = 0 ,
dVs
dr
= 0 .
(9)
In order to find the last stable orbit (ISCO) we need
to demand additionally that the second derivative
of the effective potential vanishes:
d2Vs
dr2
= 0.
(10)
For the sake of convenience, we change variables
and work not with r and J but with u = 1/r and
x = J − aE, so the function Vs(u;x,E) will be
used. In new variables (see [1] for details), system
of equations determining ISCO have the form


Vs = 0 ,
dVs
du
= 0 ,
d2Vs
du2
= 0 .
(11)
The explicit form of these equations is [1]:
(1 + 2asu2 − s2u2 + 2Ms2u3)E2+
+ (−2au2x+ 2su2x− 6Msu3x− 2aMs2u5x)E−
− 1 + 2Mu− a2u2 + 2Ms2u3−
− 4M2s2u4 + 2a2Ms2u5 −M2s4u6+
+ 2M3s4u7 − a2M2s4u8 − u2x2 + 2Mu3x2+
+ 2aMsu5x2 +M2s2u6x2 = 0 ;
(4asu− 2s2u+ 6Ms2u2)E2+
+ (−4aux+ 4sux− 18Msu2x− 10aMs2u4x)E+
+ 2M − 2a2u+ 6Ms2u2 − 16M2s2u3+
+ 10a2Ms2u4 − 6M2s4u5 + 14M3s4u6−
− 8a2M2s4u7 − 2ux2 + 6Mu2x2+
+ 10aMsu4x2 + 6M2s2u5x2 = 0 ;
(4as− 2s2 + 12Ms2u)E2+
+ (−4ax+ 4sx− 36Msux− 40aMs2u3x)E−
− 2(a2 − 6Ms2u+ 24M2s2u2 − 20a2Ms2u3+
+ 15M2s4u4 − 42M3s4u5 + 28a2M2s4u6 + x2−
− 6Mux2 − 20aMsu3x2 − 15M2s2u4x2) = 0 .
(12)
These three equations form a closed system for
three parameters of ISCO E, x and u, which are
dependent only on the Kerr parameter a and parti-
cle’s spin s. This system can be used for numerical
calculation of E, x, u of ISCO at given a and s.
Then, values of r and J can be found numerically
by using r = 1/u and J = x+ aE.
Another important characteristics of the particle
circular motion is its angular velocity. The orbital
angular frequency of the particle at the ISCO, as
seen from an observer at infinity, is defined as
Ω ≡ dϕ/dτ
dt/dτ
. (13)
The values dϕ/dτ and dt/dτ are found from the
second and the third equations in (4), where we
should substitute values of r, E and J at a given
orbit. To find the ISCO frequency Ω ISCO we need
to use the ISCO values of r, E and J , see [37].
At given a and s the system lead to solu-
tions both for co-rotating and counter-rotating
case. Corotation means parallel orientation of par-
ticle’s angular momentum J and BH spin a, J >
0; counter-rotation means antiparallel orientation,
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corotation
Figure 4: Radius of ISCO for the case of corota-
tion: angular momentum of black hole and total
angular momentum of particle are parallel, J > 0.
All values are in units of M . See also Figure 3 in
paper of Suzuki and Maeda [21].
J < 0. The z-axis is chosen to be parallel to BH
spin a, so a is positive or equal to zero. Spin s
is the projection of spin on the z-axis and can be
positive (spins of particle and BH are parallel) or
negative (antiparallel).
Specifying a and s, we can find r ISCO, E ISCO
and J ISCO numerically by solving system (12), all
parameters are in units ofM . Results for the radius
calculation are presented in Figures 4 and 5. For
a = 0 and non-spinning particle (s = 0) radius
equals to 6M . Increase of a leads to decrease of
r ISCO for co-rotating case and to increase of r ISCO
for counter-rotating case.
Calculations of ISCO energy are shown in Fig-
ures 6 and 7. For a = 0 and s = 0 the energy
equals to 2
√
2/3.
Calculations of ISCO total angular momentum
are presented in Figures 8 and 9. For a = 0 and
s = 0 the magnitude of angular momentum equals
to 2
√
3M .
Calculations of ISCO angular frequency are
shown in Figures 10 and 11. For a = 0 and
s = 0 the magnitude of angular frequency equals
to 1/6
√
6M .
0
2
4
6
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–0.2 –0.1 0.1 0.2
r
s
a = 0
a = 0.4
a = 0.8
counterrotation
Figure 5: Radius of ISCO for the case of counter-
rotation: angular momentum of black hole and to-
tal angular momentum of particle are antiparallel,
J < 0. All values are in units of M .
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Figure 6: Energy of ISCO for the case of corotation.
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counterrotation
Figure 7: Energy of ISCO for the case of counter-
rotation.
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Figure 8: Total angular momentum of ISCO for the
case of corotation.
3.4
3.6
3.8
4
4.2
–0.2 –0.1 0 0.1 0.2
counterrotation
a = 0
a = 0.4
a = 0.8
Figure 9: Total angular momentum (absolute
value) of ISCO for the case of counterrotation.
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Figure 10: Orbital angular frequency of ISCO for
the case of corotation.
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| |
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Figure 11: Orbital angular frequency (absolute
value) of ISCO for the case of counterrotation.
4 Analytical calculation of
ISCO parameters, small-
spin corrections
In paper [1] we have derived linear small-spin
corrections for ISCO parameters for arbitrary a.
Parameters are written there with using variable
u0 = 1/r0 which is inverse radius of ISCO for non-
spinning particle. The scheme of calculation of all
parameters are presented there, see text after for-
mula (61) in [1]. Here, we rewrite all formulas in
terms of r0.
The scheme of calculation of ISCO parameters
with linear small-spin corrections:
(i) Radius of ISCO. We need to solve equation
for ISCO radius r0 of non-spinning particle
r20 − 6Mr0 − 3a2 ∓ 8a
√
Mr0 = 0. (14)
and find r0. In this equation and all formulas be-
low the upper sign corresponds to the antiparallel
orientation of particle’s angular momentum J and
BH spin a (counter-rotation, J < 0), the lower –
to the parallel one (corotation, J > 0). Solution
of (14) can be found analytically, see [6]. To avoid
large formulas, we write all other unknowns not as
explicit functions of a but as explicit functions of a
and r0, keeping in mind that r0 can be found from
Eq. (14) at arbitrary a. We need to notice that
representation of all unknowns via r0 given below
could be rewritten in a different form using (14),
see [1] for different representations.
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Linear correction is
r1 =
4
r0
(a±
√
Mr0). (15)
Finally radius of ISCO for given a is
r ISCO = r0 + sr1 . (16)
(ii) Energy of ISCO is:
E ISCO = E0 + sE1, (17)
E0 =
√
1− 2M
3r0
, (18)
E1 = ± 1√
3
M
r2
0
. (19)
(iii) Total angular momentum of ISCO is:
J ISCO = J0 + sJ1, (20)
J0 = ∓ r0√
3
+ a
√
1− 2M
3r0
, (21)
J1 =
2
√
Mr
3/2
0
± a(3r0 +M)√
3r2
0
. (22)
(iv) Orbital angular frequency of ISCO is:
Ω ISCO = Ω0 + sΩ1, (23)
Ω0 =
√
M
a
√
M ∓ r3/2
0
, (24)
Ω1 =
9
√
M(
√
r0M ± a)
2
√
r0
(
r
3/2
0
∓ a
√
M
)2 . (25)
In work of Favata [37] the shift in the ISCO due
to the spin of the test-particle is calculated numer-
ically, see right picture on Fig. 2 in [37] and the
sixth column in Table I in [37]. Our analytical re-
sults (with appropriate change of variables) agree
with calculations of paper of Favata: value of Ω0 for
given a (see first column in Table I; note that BH
spin can be negative in this Table, it corresponds to
case of counterrotation in our work) give numbers
in second column of Table I, value of Ω1/Ω0 give
numbers in six column.
Now let us consider particular cases.
Results for the Schwarzschild case are [1]:
J ISCO = 2
√
3M +
√
2
3
sJ ,
E ISCO =
2
√
2
3
− 1
36
√
3
sJ
M
,
r ISCO = 6M − 2
√
2
3
sJ ,
Ω ISCO =
1
6
√
6M
+
sJ
48M2
.
(26)
Here instead of s, which is the projection on z-
axis that does not unabiguously correspond to any
physical direction in Schwarzschild case, we use sJ
which is the projection of particle’s spin upon the
direction of J and is positive when the particle’s
spin is parallel to it and negative when it is an-
tiparallel. Value J is considered as positive in this
case. Small-spin corrections for Schwarzschild met-
ric were derived by Favata [37].
For Kerr BH with slow rotation (a≪M) we have
obtained the corrections up to quadratic terms [1]:
J ISCO = ∓2
√
3M − 2
√
2
3
a+
√
2
3
s± 11
36
√
3
a
M
s±
± 4
√
3M
27
( a
M
)2
± 1
4M
√
3
s2,
E ISCO =
2
√
2
3
± 1
18
√
3
a
M
± 1
36
√
3
s
M
−
√
2
81
a
M
s
M
−
− 5
162
√
2
( a
M
)2
− 5
432
√
2M2
s2,
r ISCO = 6M ± 4
√
2
3
a± 2
√
2
3
s+
2
9
a
M
s−
− 7M
18
( a
M
)2
− 29
72M
s2.
Ω ISCO = ∓ 1
6
√
6M
+
11
216M
a
M
+
1
48M2
s∓
∓
(
1
18
√
6M
as
M2
+
59
648
√
6M
a2
M2
+
+
97
3456
√
6M
s2
M2
)
.
(27)
For extreme Kerr BH (a = M) for counterrota-
8
tion we have obtained [1]:
J ISCO = −22
√
3
9
M +
82
√
3
243
s,
E ISCO =
5
√
3
9
+
√
3
243
s
M
,
r ISCO = 9M +
16
9
s,
Ω ISCO = − 1
26M
+
3s
338M2
.
(28)
For the case of corotation we have considered
nearly extreme Kerr BH with a = (1 − δ)M with
δ ≪ 1, and have obtained:
J ISCO =
(
2√
3
+
2× 22/3δ1/3√
3
)
M+
+
(
− 2√
3
+
4× 22/3δ1/3√
3
)
s,
E ISCO =
(
1√
3
+
22/3δ1/3√
3
)
+
+
(
− 1√
3
+
2× 22/3δ1/3√
3
)
s
M
,
r ISCO =
(
1 + 22/3δ1/3
)
M − 2× 22/3δ1/3s,
Ω ISCO =
1
2M
− 3× 2
2/3δ1/3
8M
+
9× 22/3δ1/3
16M2
s.
(29)
We see that in the case of a = M (δ = 0) the cor-
rections, linear in spin, are absent in formulae for
ISCO radius and frequency. This was also demon-
strated in [17]. In the work [23] on basis of the
numerical calculation, it was noticed that in the
extreme Kerr background for the parallel case the
magnitude of test-body’s spin does not influence
the radius of the last stable orbit and it always re-
mains equal to M . We have succeeded in proving
this analytically. We have obtained the exact (in
spin) values of ISCO parameters for nearly extreme
Kerr BH in case of corotation [1]:
J ISCO = 2ME ISCO ,
E ISCO =
M2 − s2
M2
√
3 + 6s/M
+
+
(M2 − s2)1/3(2M + s)2/3Z(M, s)2/3√
3M5/2(M + 2s)3/2
δ1/3,
r ISCO =M +
M(M2 − s2)1/3(2M + s)2/3
Z(M, s)1/3
δ1/3,
Ω ISCO =
1
2M
−
− 3(M − s)
1/3(M + 2s)
4(2M + s)1/3(M + s)2/3Z(M, s)1/3
δ1/3,
Z(M, s) ≡M4 + 7M3s+ 9M2s2 + 11Ms3 − s4.
(30)
From this solution we see that for δ = 0 (a = M)
the radius and the angular frequency are indepen-
dent of the particle’s spin s while the values of en-
ergy and total angular momentum depend on it.
It can be easily seen from the exact solution (30)
that for extreme Kerr BH solution for energy and
angular momentum diverges with s → −M/2. It
shows that an approximation of test body does not
work with such large values of s. Of course, lim-
its of test body application depend on a, but we
emphasize that all results beyond the approxima-
tion s ≪ M should be considered with big care,
see [22], [1].
For a spinless particle the conserved quantity is
the orbital angular momentum Lz, whereas in the
case of a spinning particle the conserved quantity
is the total angular momentum Jz, which includes
spin terms [22]. In this case ’orbital angular mo-
mentum’ at infinity Lz can also be introduced as
Lz = Jz − s, see [22].
In the paper [1] we present formulae for a small-
spin linear corrections for E, J and Ω at circular
orbit with a given radius r. It can be seen that
for r → ∞ the total angular momentum equals to
J = J0+s, where J0 is total angular momentum for
non-spinning particle. In spinless case it consists
of orbital angular momentum part only, therefore
J0 = L. This justifies the introduction of orbital
momentum at infinity just as difference between J
and s.
For circular orbits at finite radius (in particular,
ISCO) orbital angular momentum cannot be de-
fined by such simple way [22]. But using test body
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approximation s≪M allows us to use term ’coro-
tation’ and ’counterrotation’ as terms for orbital
motion.
If we use tentatively the orbital angular momen-
tum in the form Lz = Jz − s for ISCO, we will get
for the Schwarzschild case:
L ISCO = 2
√
3M −
(
1−
√
2
3
)
sJ . (31)
We see from (31) and (26) that increasing of posi-
tive sJ leads to increasing of r ISCO and decreasing
of orbital angular momentum L ISCO. At the same
time the total angular momentum becomes bigger
but it happens only due to increasing of its spin
part.
5 Binding energy in the inner-
most stable circular orbit
Let us denote efficiency ε as the fraction of the rest
mass energy that can be released in making the
transition from rest at infinity to the innermost sta-
ble circular orbit [7], in our units it is given by
ε = 1− E ISCO = Ebind. (32)
Note that in our notations E is energy per unit
particle rest mass. In other words the efficiency is
the binding energy Ebind at ISCO per unit mass.
The efficiency shows how much energy can be re-
leased by radiation during the accretion process.
For the Schwarzschild black hole and non-spinning
test particle the efficiency equals to 0.057, and it
reaches maximum for the extreme Kerr black hole
– 0.42 [7], [44].
In the case of spinning test particles we can easily
calculate the efficiency with using of expressions for
E ISCO presented in (26), (30), see Fig. 12.
For the Schwarzschild black hole (see (26)) the
efficiency is:
ε = 1− 2
√
2
3
+
1
36
√
3
sJ
M
. (33)
For extreme Kerr black hole in case of orbital coro-
tation (see (29)), the efficiency is:
ε = 1− 1√
3
+
1√
3
s
M
. (34)
0
0.1
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0. 
0.5
–0.1 –0.08 –0.06 –0.0  –0.02 0.02 0.0  0.06 0.08 0.1
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extreme Kerr
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Figure 12: The efficiency (binding energy) of spin-
ning test particle at ISCO. For case of extreme
black hole the binding energy can be smaller or
larger than 0.42 depending on spin orientation.
It means that in case when particle spin is paral-
lel to the total angular momentum of particle and
the black hole spins, the efficiency can be larger
than 42 %. Note that the ISCO radius and angu-
lar frequency do not depend on spin in the case of
extreme Kerr BH.
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